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Problem 1: Generalities

a) Knowing that the action in D space-time dimensions [ £(z)d”z, should be dimen-
sionless, calculate the dimensions of the quark, gluon and ghost fields, as well as
of the gauge coupling g, in units of mass or momentum.

b) With the result of a), calculate the mass dimension of the free momentum space

quark and gluon propagators S (p) and ng,)(k‘) respectively.

c) Consider the Dirac-Algebra in an arbitrary dimension D
Yot = F 1 = 2901
with the space-time indices p, v running from 0,1,2,..., D — 1. Furthermore:
gwg" =D and v,4" = DL
Explicitly perform the contractions in the Dirac-matrix expressions

* VYK,
® Yt

Problem 2: Feynman Integrals in D dimensions
The goal of this problem is the continuation of the Feynman Integrals, which arise in

the calculations to an arbitrary dimension.

Consider the following integral in D dimensions:
~ dPp 1
I1(1,1;¢°,m?) = QGJ/ :
U BC) =1 | P 7 — w2+ i0llta — p)7 — 2 10
A convenient way of proceeding to calculate such type of integrals is due to Feynman
and consists in rewriting the integrand with the help of the following formula:

1 _ F(a +ﬁ) 1 xa—l(l _ x)ﬁ—l
a®bB I'(a)T(B) /0 da [ax + b(1 — x)]>tP

(1)

where I'(z) denotes the Eulers I'-function.



a) Explicitly verify relation (1) for the case a =1 and = 2.

b) Show that with the Feynman parametrisation of eq. (1), the integral I (1,1;¢%,m?)

can be brought into the from

de: 1
I1(1,1;¢%, m? / dx/ P

— (1 — )¢

with a? = m?

c) We shall consider a generalization of this type of integral. Let

dPk k2
42\ — ,,2€
I(a,,ﬁ,a)_,u /(27T)D [k‘2—(12+10]6

Derive

o, B;a

N

I, %) = g [a?) PP <47WQ>e PB—a-2+dl(a+2—¢

(4m) a?

L(BT(2 = ¢)
from (2).

Note that the dimension D only appears in exponents and the y-functions, which allows
to analytically continue the result also to non-integer D. The result for I (0,2;a?) can
now be employed in order to continue with the calculation of I(1,1;¢% m?). The final

result one obtains is

11,1562, m?) = —

('T\>|+—‘

(4m)?

which is known as the scalar one-loop integral with equal masses.

Problem 3: Quark selfenergy

Derive the quark selfenergy (p) at order g2.

a) Therefore show that

D
=0 () = ig*Cr [ S o= k1D,

2 /1_M
111——{—2—1/ _dm - )
,/1—4m -1

(3)

follows from the perturbative correction to the quark propagator in momentum

space:

Siy(p) = —i / aPci®* (O[T {gi()q;(0)c  4”£14)} ),

where i, j denote colour indices and we have suppressed the spinor indices and

L1(z) is the interaction part of the Lagrangian.



b) To proceed with the calculation of the selfenergy Y(p) we insert the free quark and
gluon propagators into (3):

D 4 m)
E(l)(p) = _i92,u26/ (gﬂ)klj) Z:[Eﬁ _ i)_:_ 7)7:2] Guv — (1 - a) k!];];l/

Calculate (V) (p) in the Feynman gauge (a = 1) and to linear order in the quark
mass m. This is sufficient to determine the renormalisation constant Z,, to one-
loop.

Problem 4:

a) Recalling that the renormalisation constant for the quark mass Z,, is given by
3 1
Zm =1- ZCFOJSE + O((Zg),

calculate the one-loop coefficient y; for the mass anomalous dimension

wdm
v(as) = “dp = et YaoaZysal + yaai + ...

b) Explicitly calculate the renormalisation group running for the quark mass to one-
loop order.
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Problem 1: Generalities

Throughout, we employ natural units with ¢ =1 and A = 1.

a) If the operator dim]...] represents the mass dimension of the quantity under in-

b)

c)

vestigation, one finds, using D = 4 — 2e:

dimfg ()] = 5 (D 1) =5 —¢

mmwﬂ@p:§—1_1_e

dmwﬂmp:§—1:1—e
mmmzz—gze

dim[DQ) (k)] = —2

Thus the momentum space propagators retain the same mass dimension as in 4
space-time dimensions.

Y Y = 277 — WYt = 4gwl+ (D — )y

YW = (2= D)y



Problem 2: Feynman Integrals in D dimensions

a) The solution is straightforward:

1 [t (-z)ds ! zdz
W_z/o [aw—i—b(l—x)]?’_Q/o [a+ (b—a)z]3
2 Va4 (b —a)z —d] B
gl TroaT
2 1 dz 1 adz
~(b—a) [/0 [a+ (b—a)z]? _/0 [a+(b—a)z]3}

2 1 1 n a 1] 1
(b—a)2|a b 202 2a]
Making use of the hypergeometric function 9 F} (a, b; ¢; z), the relation can also be
shown in the general case:

1 T(a+p) 1 gco‘*l(l—gn)[g*1
a*b®  T(a)T(B )/0 dx[ax—l—b(l—x)]oﬁLﬁ

Dot 5) 1 [ gaet— ot 1 (1 2) o] =

@ (3) 577 Jy b/
1 a 1 b\“ 1
:bCl—‘i’/B2F1<a+ﬁ,a;a+ﬁ;1_g>:ba+5 <a> :aabﬁ
b)
- de 1
I(1,1;¢%,m?) = 26/
(1,14, m%) = p (2m)P [p? —m? +40][(q — p)? — m? + 0]

U dPp 1
/0 d “’U/ 2m)D [az + b(1 — )2

with a = =1, a = p> —m? +i0 and b = (¢ — p)2 — m? + 0. When the square is
completed, we change the momentum integration variable according to

p—k+q(1—2x).
Thus we get

- dPk 1
I(1,1:q dPz
(1, 1:¢%,m / / 2m)P k2 — m?2 + ¢?x — ¢2a2

_ / dx/ de 1 L

— (1 —x)¢>.

with a2 = m?2



c) The first step of solving the integral consists in performing a Wick rotation, which
amounts to rotating the time-axis k¥ into an imaginary time direction ik”. Then
we find:

/ dkOdk! ... kP [(k0)2 _ zgzl(,{@-)z]a
(27T)D [(k0)2 — Zgl(k@)Q — a2+ iO] B

(1) 26/ dk! ... dEP-1dkP [(kl’)2 + Zfil(ki)ﬂa
= 2 — Iu
(2m)® [(k?D)2 + Zfiﬂkiy + QQ]B

D 2«
(et [ LB K
eIl 2+ a7

where the last integral has to be performed in an D-dimensional Euclidean space.
Since it only depends on k2, this integration is best performed in D-dimensional

polar coordinates. This yields
k2a+D 1
dk | dQ———=
271' / / (k2 + a2]8

The angular integration results in the area of a D-dimensional unit-sphere which
is given by

I(a, B;a®) = p*

I(Oé, ﬁ; a2) = i(_

D
2m2

L)
Finally, we are left with the remaining radial integration. The idea behind solving

this integral is to rewrite it in terms of an integral which is Eulers S-function

B(u,v) defined by:

Sp =

1 I'(u)l
B(u,v) = / PR € B L e P M
0 I'(u+wv)

This transformation can be achieved with the substitution

k2 _ a2(1 B Z)
z

where z runs from 0 to 1. One then finds:

28408 T(B — o — Q T
o, fia?) = i1y 2yl P 0 g e s )
(4m)= INGINGY)
i (—a2]o—P+? 4 EF(ﬁ—a—Q—l—e)P(a—l—Q—e).
(4m)? a? L(B)T(2 —¢)




Problem 3: Quark selfenergy

a) We start with

Sij(p) = —i / dPze™ (0|7 {q;(x)g;(0)e S 72£13)} o),

where we have suppressed the the spinor indices. The only piece of the interaction
Lagrangian L£7(z) which contributes at this order is the quark-gluon interaction.
We need this term twice, since the vacuum-expectation value of a single gluon field
vanishes. Thus we find

a

. ipx Aa v
Sg;)(p) = ig? /dDﬂ:/dDzl /dDzer [S(O) (x — 21)7“75(0)(31 — )y 75(0)(2:2)
ij

XDELO) (21 — 22).

v

The next step consists in replacing the coordinate-space propagators through their
momentum-space representation. Then the coordinate-space integrations can be
carried out, yielding §-distributions, which allow to perform three of the momentum-
space integrals. This leads to

, dPk )
Si(})(p) = ig*Cpdij / @mP [S(O) (P)*SO(p — k)y* 8@ (p)] D;(B/) (k),

where we have used the fact that

AT\ Ng—l Ne=3 4
MAERAN — 8ii = Cpbyi <7 26,5,
[2 2Lj 2N¢ F 37

with Cr being the Casimir operator of the gauge group SU(N¢) in the fundamental
representation. In the diagrammatic language of Feynman diagrams, this would
correspond to:

¢ - - - ®
p p—k p

Now, we rewrite the quark propagator in the following form:
Sii(p) = 6,5V (p) + 6,5V ()2 (p) SO (p) + ...

The new function Y(p) is called the quark selfenergy, and at order g? takes the
form
S0G) = ig?Cr [ S5 SO p — B* DY)
(27T)D [l :




b) For the calculation of the quark selfenergy, we need two types of massless Feynman
integrals, which are presented in the general case first:

) . [ dPk 1
(o, B;p) = p° / (2m)P [k2 4+ i0]*[(p — k)% + 40]8

i (4mP\° 1 TR-a-ogl2-8-¢
~an ( —p? > e D T (T (AT —a—f—20 @ TH-2+¢
; o [ dPk k
Iu(%ﬁ%p) = M2 / (2m)D [k2 + io]a[(pu_ k)2 + Z’O]ﬁ
(2—a—c¢)

:pﬂ(4_a_ﬁ_2€)l(a7ﬂ’p)

The first expression can be derived by introducing Feynman parameters and ma-
king use of the result of Problem 2 ¢) for I(a, 3,a?). The remaining z-integration
can be performed analogously to the derivation of this formula.

To derive the second expression, one can use a trick which is quite useful in general.
Since the result can only depend on the momentum p, and must transform like a
Lorentz vector, it must have the structure A(pQ)pM. Now, we can multiply both
sides with 2p*, yielding

o [ 4Pk -k -
2 / (2m)P k2 +i0]*[(p — k)2 + 0] 202 A(p?).

The numerator under the integral can be rewritten as
2 k=p*+k —(p—k)>
which results in three integrals of the type I (a, B;p). After some massaging of the

[-functions, one arrives at the given integral formula for I u(o, B;p).

The two special cases which are needed for the calculation of (1) (p) are:

ia,1; )_L 4\ T2(1 —€)
P T —p2 ) T(2 — 2¢)

['(e)

and

A

p A
Iu(1,15p) = ZHI (1, 1;p).
This can be inserted into our expression for (1 (p):

D _ m)yH
00 = i o [
= ig?u % Cp [(1— )p — (4 — 2¢)m] I(1,1;p)
_ 921u726 _p2

WCF [(—1 +e)]/'5+ (4— 26)m] {% _IHF +24 (9(6)}




Splitting up 3(p) in the form

one finds:

and

where we have defined the dimensionless coupling

2, —2€
o

Q

Problem 4:

a) We start with the relation between the bare and renormalized quark mass,

_ 7—1_.0
m=2Z,m

0

where m” corresponds to the bare quark mass. Inserting this in the definition of

the mass anomalous dimension yields:

(a) wdm po d(Z,tmP) w Zm u dags Zp,
a = —-n——— = — = = —
TG m dp Zkm0 du Zm A Zp, dp dag
Blas) Z. 3 1 3
= _Z—T:d(z = —2(136 _Z CFE + O((Zg) = 50}7@5 + O(ag)
where we have used the renormalisation constant Zy(n1 ) — (—%) C p% Thus we obtain
3
Y1 = §CF = 27
with No = 3.

b) From integrating the renormalization group equation for the quark mass by sepa-
ration of variables follows

m(uz) B2 as(uz)
/ d—m =In m('u2) = —/ d_‘u'Y(as) = / dasl)/(aS) .
m(pr) M m(p1) p M as(p1) Blas)




Thus we obtain

as( 2) a
m(pz2) = m(m)eXp{/ ( H) dasggasi }
as(H1 S

At one-loop order, the exponential factor for the running of the quark mass takes
the form

exp /GS(W) da v(as) = exp n /GS(W) -
as(ul) 5(0’5) /81 as(ul) as
a1

—eo (Gt} - (25)"

The running of the quark mass is then given by

m(jiz) = mpm) (%) "1+ O],



